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Chemical compounds:
- physicochemical,
- pharmacological, 
- toxicological properties ...

Graphs:
- vertex degrees,
- vertex neighbourhoods, 
- number of vertices/edges ...
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◦ topological indices in general,
◦ some results on the ABC index,
◦ some results on the GG index.

• An overview of our results:
◦ bipartite graphs and the NGG index,
◦ the GG index of a long path,
◦ extremals of the GG index among bipartite graphs,
◦ conjectures.
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Molecular descriptors

The molecular descriptor is the final result of a logic and mathematical
procedure which transforms chemical information encoded within a symbolic
representation of a molecule into a useful number or the result of some
standardized experiment.

A topological index also known as a connectivity index is a type of a
molecular descriptor that is calculated based on the molecular graph of a
chemical compound. [Todeschini and Consonni, 2000]
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The molecular descriptor is the final result of a logic and mathematical
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standardized experiment.
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Topological indices in general

The Wiener index

W (G) =
∑

{u,v}⊆V (G)
d(u, v)

The first Zagreb index

M1(G) =
∑

v∈V (G)
deg(v)2

M2(G) =
∑

uv∈E(G)
deg(u) deg(v)
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Topological indices in general

The Wiener index and the Szeged index

W (G) =
∑

{u,v}⊆V (G)
d(u, v) SZ(G) =

∑
uv∈E(G)

nunv

The first Zagreb index and the second Zagreb index

M1(G) =
∑

v∈V (G)
deg(v)2

M2(G) =
∑

uv∈E(G)
deg(u) deg(v)
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Topological indices in general

The atom-bond connectivity index

ABC(G) =
∑

uv∈E(G)

√
deg(u) + deg(v)− 2

deg(u) deg(v)
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Topological indices in general

The atom-bond connectivity index and the
Graovac–Ghorbani index

ABC(G) =
∑

uv∈E(G)
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deg(u) + deg(v)− 2

deg(u) deg(v)
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Molecular descriptors in practice
http://www.moleculardescriptors.eu/

http://www.moleculardescriptors.eu/
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Some results on the ABC index

The ABC index

ABC(G) =
∑

uv∈E(G)

√
deg(u) + deg(v)− 2

deg(u) deg(v)

Properties
• usage: modelling thermodynamic properties of organic chemical

compounds (a strong predictor of the heat of formation of alkanes and the
stability of linear and branched alkanes) [Estrada et al., 1998];

• a degree-based graph invariant
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Some results on the ABC index

The ABC index

ABC(G) =
∑

uv∈E(G)

√
deg(u) + deg(v)− 2

deg(u) deg(v)

Properties
Extremal (connected n-vertex) ...
• ... graphs: max: Kn [Chen and Guo, 2011] / min: a tree
• ... trees: max: Sn [Furtula et al., 2009] / min: ??? [Dimitrov, 2013],

[Gutman et al., 2012]
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Some results on the GG index

The GG index

GG(G) =
∑

uv∈E(G)

√
nu + nv − 2

nunv

Properties
• usage: modelling thermodynamic properties of organic chemical

compounds (a strong predictor of the entropy and the acentric factor of
alkanes) [Furtula, 2016];

• a distance-based graph invariant
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Some results on the GG index

The GG index

GG(G) =
∑

uv∈E(G)

√
nu + nv − 2

nunv

nu = |{w ∈ V (G) : d(w, u) < d(w, v)}|

Properties
• usage: modelling thermodynamic properties of organic chemical

compounds (a strong predictor of the entropy and the acentric factor of
alkanes) [Furtula, 2016];

• a distance-based graph invariant
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Some results on the GG index

The GG index

GG(G) =
∑

uv∈E(G)

√
nu + nv − 2

nunv

Properties
Extremal (connected n-vertex) ...
• ... graphs: max: ??? [Furtula, 2016] / min: Kn

• ... trees: max: Sn [Rostami and Sohrabi-Haghighat, 2014] / min: Pn

[Rostami and Sohrabi-Haghighat, 2014]
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Some results on the GG index

max among connected n-vertex graphs
Computational results [Furtula, 2016]:

From a chemical point of view, the most interesting part of this problem is related to

connected graphs. Therefore, from now on, our attention will be narrowed down to them.

Since the atom–bond connectivity index demonstrated respectable power for modeling

of physical, chemical, and biological qualities of molecules, several articles appeared deal-

ing with its mathematical features. Majority of them are devoted to characterization of

connected graphs with minimal ABC . These results are compiled in [30] and references

cited in it.

The unique connected graph with given order n having maximal atom–bond connec-

tivity index is complete graph Kn . It is known that connected graph with minimal ABC

must be a tree and it need not to be unique. Characterization of these trees is a matter

of current researches [12, 13,15].

Contrary to atom–bond connectivity index, characterization of a connected graph

with given order n having minimum value of Graovac–Ghorbani index is an easy task. It

is the complete graph, Kn [26]. It is quite easy to learn this from the definition of ABCGG

(see Eq. (2)). Its minimal value is 0, and it can be achieved if and only if n1 = n2 = 1

for all edges in a connected graph. Only such graph is Kn .

Characterizing connected graphs that maximize ABCGG is much more serious prob-

lem. It is, here, tackled in assistance of computers.

20 40 60 80 100e dge s
0

10

20

30

40

50

60

ABC

ABCGG

Figure 3

For this project it was used in-house computer with processor IntelCore i5-3470 (3.2

GHz) and 8 GB of memory. The program has been written in Python. It starts from the

complete graph with given order n and calculates ABC and ABCGG. Then, randomly

delete an edge and recalculate these indices. Random deletion of edges with checking

the connectivity of obtained graph and calculation of indices goes to a tree. In order to

-238-
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max among connected n-vertex graphs
Computational results [Furtula, 2016]:

smoothening curves, such procedure was repeated 1000 times with calculating the average

of indices. An example is shown in Figure 3 for connected graphs with 15 vertices. Values

of atom–bond connectivity index are drawn by the solid line. As it was above pointed out

the minimal value of ABC is attained for a connected graph with the smallest number

of edges, i.e. for a tree. The maximal value of ABC reached for a connected graph with

the greatest number of edges, i.e. the complete graph.

Trend of values of Graovac–Ghorbani index has been shown in Figure 3 by dashed

line. As it was proven in [26] the complete graph is the unique connected graph with

smallest ABCGG . However, it appears that a connected graph(s) with the maximal

Graovac–Ghorbani index is also an edge–rich graph.

In order to characterize graphs that maximize Graovac–Ghorbani index, scanning

of all connected ones up to 10 vertices has been performed. As an illustration of the

complexity of this task we will mention that the number of connected graphs with ten

vertices is 11716571. These graphs are generated using nauty package [31]. Obtained

graphs with maximal ABCGG are depicted in Figure 4.

{5 6 {7 8 {9 10
Figure 4

-239-
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smoothening curves, such procedure was repeated 1000 times with calculating the average

of indices. An example is shown in Figure 3 for connected graphs with 15 vertices. Values

of atom–bond connectivity index are drawn by the solid line. As it was above pointed out

the minimal value of ABC is attained for a connected graph with the smallest number

of edges, i.e. for a tree. The maximal value of ABC reached for a connected graph with

the greatest number of edges, i.e. the complete graph.

Trend of values of Graovac–Ghorbani index has been shown in Figure 3 by dashed

line. As it was proven in [26] the complete graph is the unique connected graph with

smallest ABCGG . However, it appears that a connected graph(s) with the maximal

Graovac–Ghorbani index is also an edge–rich graph.

In order to characterize graphs that maximize Graovac–Ghorbani index, scanning

of all connected ones up to 10 vertices has been performed. As an illustration of the

complexity of this task we will mention that the number of connected graphs with ten

vertices is 11716571. These graphs are generated using nauty package [31]. Obtained

graphs with maximal ABCGG are depicted in Figure 4.
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The normalized Graovac-Ghorbani index

The GG index

GG(G) =
∑

uv∈E(G)

√
nu + nv − 2

nunv

Proposition
Let G be a bipartite graph on n vertices. Then

GG(G) = NGG(G)
√
n− 2.



On the
Graovac–Ghorbani
index of bipartite

graphs

Barbara Ikica

Molecular
descriptors
Topological indices in
general
Some results on the ABC
index
Some results on the GG
index

An overview of our
results
Bipartite graphs and the
NGG index
The GG index of a long
path
Extremals of the GG index
among bipartite graphs
Conjectures

References

The normalized Graovac-Ghorbani index

The GG index

GG(G) =
∑

uv∈E(G)

√
nu + nv − 2

nunv

Proposition
Let G be a bipartite graph on n vertices. Then

GG(G) = NGG(G)
√
n− 2.



On the
Graovac–Ghorbani
index of bipartite

graphs

Barbara Ikica

Molecular
descriptors
Topological indices in
general
Some results on the ABC
index
Some results on the GG
index

An overview of our
results
Bipartite graphs and the
NGG index
The GG index of a long
path
Extremals of the GG index
among bipartite graphs
Conjectures

References
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The NGG index

NGG(G) =
∑
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1
√
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Proposition
Let G be a bipartite graph on n vertices. Then

GG(G) = NGG(G)
√
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The GG index of a long path

Proposition
lim

n→∞
NGG(Pn) = π.

Corollary
GG(Pn) ∼ π

√
n− 2.
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Extremals of the GG index among bipartite
graphs

Theorem
Amongst all bipartite graphs on n vertices, the maximum
GG index is uniquely attained by Kbn/2c,dn/2e.

Theorem
Amongst all bipartite graphs on n vertices, the minimum
GG index is uniquely attained by
• Pn for n < 8,
• Cn for even n ≥ 8,
• C ′n for odd 8 ≤ n ≤ 15,
• C ′′n for odd n ≥ 17.
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Conjectures

Conjecture
Let G be a graph with maximal GG index amongst all
graphs on n� ∆ vertices. Then G is an (almost) ∆-regular
graph.

Conjecture
Let G be a graph with minimal GG index amongst all
graphs on n� ∆ vertices. Then G is the cycle Cn.
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Conjectures

Conjecture
Let G be a tree with maximal GG index amongst all trees
on n vertices with maximum degree ∆ ≤ n− 1. Then G is
an almost dendrimer Tn,∆.

T41,3
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